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Boundary-layer growth with and without injection.

layer thickness 6 was close to the theoretical prediction, as
shown on Fig. 2. Although a precise assessment of the
measurement error in these profiles was not made, it was con-
cluded that the theoretical predictions of laminar boundary-
layer growth are satisfactory as represented in modern com-
puter codes.!

When the mass addition rate exceeded a certain threshold at
each flow Reynolds number, the boundary-layer became tur-
bulent. This was evidenced not only by the profile changes
and boundary-layer thickening (see Figs. 1 and 2) but most
strikingly by the turbulence detected by the hot wire
anemometers. From such data the transition location could be
correlated by

with
irD2

POO Woo (subtended mass flow)

M= I rhdA (total mass flow rate ejected) (3)
JA

Implicit in this criterion is a data ''correlation" for smooth,
adiabatic hemispheres without mass addition which relates the
angular transition location to the hemisphere Reynolds num-
ber as follows

Rer , (A/ = 0)
= (0.036+0.00112<p) + 1 0 ~ 6 ( < p in degrees) (4)

It should be stressed that this correlation is used here only as
an approximation for the nonblowing limit and does not ad-
dress subtle questions such as the effect of unit Reynolds
number and freestream turbulence.

A linear least squares computer fit of all the data in Fig. 3
showed that the constant S = 8.0, as represented by the slope
of the straight line on that figure. Slightly better agreement
can be achieved if individual curve fits for each angle <p are
performed, in which cases S varies from about 7 to about 9.

Theoretical considerations lead to the belief that mass ad-
dition increases the laminar boundary-layer thickness and
simultaneously introduces changes in the velocity profile. By
computing the increase in the momentum thickness Reynolds
number Ree caused by the small but discernible thickening of
the pretransitional layer (Fig. 2) it was tentatively concluded
that the observed acceleration of transition wUh blowing
could be explained in terms of this thickening alone. It is a
much more difficult task to discern small velocity profile
changes from the recorded data; this would of course, be a

Fig. 3 Relation between the integrated mass flow, the resulting
location of transition (in degrees from the stagnation point) and the
hemisphere Reynolds number RC^D.

crucial step in predicting the observed transition results from
the viewpoint of hydrodynamic stability.

A second important conclusion drawn from Figs. 1 and 2 is
that the mass addition rates needed to cause transition are
small. The mass addition parameter

was found to be at most of order 1. Theoretical efforts to
predict "massive blowing" effects are based on laminar flow
theory with/M, of order 10 or higher.2 Therefore, it appears
that, since the laminar boundary layer cannot support these
large injection rates, the laminar flow computations dealing
with such large rates should be reformulated to include the ef-
fect of turbulent mixing in the boundary layer.
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I. Introduction

ONE of the proposed applications of solar electric
propulsion is the exploration of comets and asteroids. In

order to effectively employ solar electric propulsion in flights
to these bodies, difficult navigation problems must be over-
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come. The primary obstacle to successful navigation is the
nongravitational acceleration experienced by the vehicle as a
result of random fluctuations in the thrust vector.1"3

Analysis of a 1980 Comet Encke slow flyby mission has in-
dicated that a straightforward approach to solar electric
propulsion terminal navigation will not provide the delivery
accuracy necessary for effective scientific observations.3"5

However, a strategy proposed in Ref. 5 lessens the problem of
thrust vector errors and, consequently, permits successful ter-
minal navigation. This strategy employs a navigation coast
followed by a brief low-thrust trim maneuver. The absence of
the thrust vector error source during the coast leads to im-
proved orbit determination. The brief maneuver then corrects
detected errors while minimizing thrust vector induced distur-
bances.

In order to effectively utilize the coast strategy, an optimum
selection of coast and maneuver durations must be made. In
Ref. 5, this selection is made by means of a parametric study
of coast and maneuver durations using a linear perturbation
guidance technique. Such a procedure is costly and inefficient;
furthermore, linear perturbation guidance employs assump-
tions which do not strictly apply to the coast strategy as it
would be implemented in mission operations. In order to use
linear perturbation guidance, it must be assumed that a
maneuver is nominally scheduled and that trajectory correc-
tions are made with small adjustments of that maneuver. In
the proposed coast arc strategy no nominal maneuver exists,
and the trim is viewed as a maneuver inserted into the coast
solely for navigation. Moreover, the trim maneuver utilizes
the entire thrust vector for trajectory correction, not just a
small portion as in linear perturbation guidance. Con-
sequently, if the coast navigation strategy is to be considered
in future analysis of low-thrust missions, an alternative to the
linear analysis method is needed.

In this paper we present an analytical technique for deter-
mining the statistical properties of the trim maneuver when
given the thrust available and the state dispersion and orbit
determination covariances at the maneuver time. Also in-
cluded is a procedure for mapping the covariances through
the maneuver with execution errors taken into account. The
analytical results are applied to a 1980 solar electric
propulsion Encke flyby mission.

II. Analytical Formulation
Guidance Strategy

Let dr(t) and dV(t) denote perturbations in the spacecraft's
position and velocity relative to the nominal trajectory at time
t, and let df(t) and dV(t) represent estimates of these per-
turbations. The initiation time of the trim maneuver, its ter-
mination time, and the time of encounter are denoted by t0,
t j , and t2, respectively. If the thrust acceleration is roughly-
tant during the maneuver, and if the maneuver duration is
substantially less than the characteristic times of $ 12, then

(1)

where $>/7 and $>72 are transition matrices, u is the thrust ac-
celeration, and At = tj — t0. Equation (1) may be written in im-
pact plane coordinates (the impact plane is the plane normal
to the nominal spacecraft-target relative velocity vector at
encounter) as

F=R$12(t2,t0)RT (5)

Fy + z=Rdf(t2) (2)

where R is the orthogonal transformation matrix from
heliocentric to impact plane coordinates and

$12(t2,t0)dV(t0)]

y=R uAt

(3)

(4)

The objective of the guidance scheme is to null the expected
crosstrack and out-of-plane position errors at encounter while
minimizing maneuver duration. If the interval between the
trim maneuver and encounter is small compared to the orbital
period, the guidance objective may be accomplished by a con-
trol law in which y j is set to zero, and y2 and y3 are used to
control the encounter position errors. Such a control law is

y= -Az

where

= (F22F33-F32F23)~1

0

0

0

0

~F23

F22

(6)

(7)

The subscripts 1, 2, and 3 denote downtrack, crosstrack, and
out-of-plane vector components.

Statistical Properties of the Maneuver

The estimated spacecraft state perturbation vector x (t0)

(xT(t0) = [ b f T ( t 0 ) , d V T ( t 0 ) ] )

is assumed to bê  a gaussian random vector with zero mean
and covariance X(t0). It follows then that the covariance Y
of y is

Y=AR RTAT (8)

By design, the first component of y is always zero, so the first
row and column of Y are identically zero. The joint
probability density function of y2 and>>5 is

P(y2,y3) = \Y\ -1

y2

where Y is the lower right 2x2 partition of Y.
The duration of the trim maneuver is

At= \y\ (10)

The joint probability density function of At and 6, the thrust
direction^ angle in the impact plane, follows from Eq. (9)

(ai +a2cos20)

\2-\
for At > 0, where

2-K

a 2 =
<X,X,JM

(12)

\j and A2 are the eigenvalues of Y, and 6 is measured from the
eigenvector direction corresponding to X7. The marginal
probability density functions of At and 6, obtained from Eq.
(11), are

-^^l) I0(a2(At)2) (13)
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p(0) = —— + o:2cos 26) (14)

where I0 is the zero-order modified Bessel function of the first
kind.

Although At is nongaussian, it is of some interest to know
its first two moments, the mean and variance. These may be
computed directly from the marginal density function (13)

Propagation of the Covariance Matrices Through the Trim Maneuver

Under the assumption that the state estimate and the error
in the estimate are uncorrelated, the state covariance X and
the covariance of the error in the state estimate P, satisfy

X=X (18)

(15)

(16)

Propagation of A' through the maneuver is accomplished by
propagating X and P. The estimated state perturbations after
the trim maneuver are given approximately by

where E [•] is the complete elliptic integral of the second
kind. The probability distribution function of At, i.e., the
probability that the maneuver duration is less than A/, can
also be determined in principle from Eq. (13). However, no
closed form expression for the function appears obtainable.
By utilizing the Maclaurin series representation of :I0, the
following series expansion can be formed for the distribution
function G( A/)

where

A =
0

G(At)=l-
72=0 22n(n!)<

r!

(2n)!

(17)

-RTAR^n(t2,t0) \ I-RTAR3>]2(t2,t0)

and the corresponding covariance is

X(t1)~AX(t0)AT

Errors in the state estimate, e, after the maneuver are

0

RT

(19)

(20)

(21)

(22)

The properties of At are similar to the statistical properties
presented by Lee and Boain6 for the magnitude of the velocity
change IAFI during a midcourse maneuver in a ballistic
mission. However, their expression for the mean of IAFI is
more complicated than Eq. (15) and more difficult to
evaluate, since it involves a hypergeometric function rather
than an elliptic integral. A detailed derivation of Eq. (15) ap-
pears in Ref. 7.

where dy is the maneuver execution error derived in Ref. 7.
From Eq. (22) it follows that the error covariance after the
maneuver is

P(t j ) = P ( t o ) +
0

RTQR
(23)

where Q is the covariance of the execution error. The elements
of Q are given in Ref. 7.

Table 1 Knowledge and delivery errors before and
after the trim maneuver

Navigation Knowledge
coast before

Length SMAA
(days) (km)

0 747
2 441
4 415
7 409

10 408

Navigation
coast
length
(days)

0
2
4
7

10

Delivery
before

SMAA
(km)
1703
1580
1595
1683
2444

Table 2

Mean
maneuver
duration

(min)

20.67
21.37
22.60
25.22
44.54

Knowledge/
delivery

after

SMAA
(km)
764
470
444
440
477

Statistical proper!

Standard
deviation

(min)

14.34
13.91
13.99
14.79
23.52

III. Numerical Example
1980 Encke Slow Flyby Mission

A slow flyby of the comet Encke during its 1980 apparition
was considered. This particular mission has been analyzed in
some detail.3"5 The performance of the navigation system is
evaluated with respect to the accuracy with which it can
deliver the spacecraft to the desired encounter conditions. The
quantitive measure of navigation accuracy is the semimajor
axis (SMAA) of the 0.997 probability position error ellipse in
the impact plane. Navigation coast arcs ranging from 0-10
days in length were considered. The knowl-
edge and delivery errors before and after the trim maneuver
are given in Table 1 for various lengths of navigation coast.
Delivery errors correspond to state errors mapped to en-
counter, and knowledge errors correspond to errors in the

ies of the maneuver duration

G(0.4) G(0.8) G(1.2)

0.658 0.947 0.996
0.647 0.948 0.997
0.614 0.941 0.996
0.537 0.919 0.993
0.206 0.600 0.870
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state estimate mapped to encounter. Because the maneuver is
designed to remove all known position errors, the knowledge
error prior to the maneuver represents the delivery accuracy
possible with perfect guidance. The change in the knowledge
error during the maneuver is casued by the execution error.
For this analysis the thrust vector errors during the maneuver
were assumed as follows: thrust vector pointing, 15 mrad;
throttling, 10.0% of nominal thrust; and shut-off timing, 1
min. The statistical properties of the maneuver duration are
given in Table 2. More detailed navigation results for this
Encke mission are presented in Ref. 7,

IV. Conclusions
The coast arc strategy presented in Ref. 5 offers a means of

effective terminal navigation in low-thrust flyby missions to
small bodies. The analytical technique presented in this Note
permits a more accurate statistical analysis of the trim
maneuver in the coast arc strategy than is possible with the
linear perturbation techniques employed previously. Changes
in the thrust vector need no longer be assumed small. Instead,
the trim maneuver may now be assumed to be performed at
full throttle and in a direction which causes delivery errors to
be eliminated while maneuver time is minimized.
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SPACECRAFT CHARGING BY
MAGNETOSPHERIC PLASMAS—v. 47
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Spacecraft charging by magnetospheric plasma is a recently identif ied space ha/ard thai can v i r tua l ly destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial f l ight by leading to sudden high-current electrical discharges during f l i g h t .
The most prominent physical consequences of such pulse discharges are electromagnetic induct ion currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual mate r ia l degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research i n t o the
possible interactions between a spacecraft and the charged planetarv and interplanetary mediums through which ' its pa th
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential bui ld-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiat ion.

As a result, the research that started several years ago with the immediate engineering goal of el iminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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